ABSTRACT. Let α be a cardinal.
Introduction
Dwinger [4] introduced and studied α-complete retracts of Boolean algebras, where α is a cardinal. In particular, he proved that the classical Skolem's theorem is a consequence of his result on ℵ 0 -complete retracts.
Specker lattice ordered groups were investigated by Conrad and Darnel [3] ; cf. also the author [8] , [11] . For each Specker lattice ordered group G there exists a generalized Boolean algebra B(G) such that G is generated by B(G). In the present paper we restrict ourselves to take case when B(G) is a Boolean algebra.
The notion of α-complete retract of Specker lattice ordered groups can be defined analogously as in the case of Boolean algebras.
Let G and B(G) be as above. We show that there exists a one-to-one correspondence between retract mappings of G and retract mappings of B(G). Further, we prove that if B(G) is α-complete, then there exists a bijection between the system of all α-complete retracts of G and the system of all α-complete retracts of B(G).
Retracts of lattice ordered groups have been investigated in [5] , [6] , [7] , [9] .
Preliminaries
For lattice ordered groups we apply the notation as in Birkhoff [1] . The symbol 0 denotes the zero real, the neutral element of a lattice ordered group or the least element of a Boolean algebra; the meaning of this symbol will be clear from the context.
We start by recalling the notion of Specker lattice ordered group corresponding to a Boolean algebra B (cf. [2] , [3] , [8] , [11] ). To avoid the trivial case, we always assume that B has more than one element.
We denote by Λ the set of all maximal proper filters of B. If b ∈ B, then b will be identified with the set Λ(b) of all λ ∈ Λ such that b ∈ λ. Let Z be the additive group of all integers with the natural linear order.
Consider the direct product
where A λ = Z for each λ ∈ Λ. For a ∈ Z and b ∈ B we denote by a[b] the element of G 0 such that
Further, we denote by Z B the set of all elements g of G 0 such that either g = 0 or g can be expressed in the form
where a 1 , . . . , a n are nonzero elements of 
Hence B(G) ⊆ G; the partial order on G induces a partial order on B(G). It is obvious that B(G) is isomorphic to B; hence B(G) is a Boolean algebra. It is well-known that B(G) is a convex sublattice of the underlying lattice of G.
We say that G is the Specker lattice ordered group generated by the Boolean algebra B.
A non-zero -subgroup G 1 of G is said to be a Specker -subgroup of G if, whenever {b 1 , . . . , b n } is an orthogonal system of elements of B(G) and a 1 , . . . , a n are mutually distinct nonzero integers such that
Now, let us put
It is easy to verify that G 1 is isomorphic to Z B 1 ; hence G 1 is a Specker lattice ordered group.
We denote by B(G 1 ) the set of all b ∈ B(G) such that b ∈ G 1 . Hence B(G 1 ) is a Boolean algebra isomorphic to B 1 . The relation between G 1 and B(G 1 ) is analogous to that between G and B(G). Now, we recall the notion of α-complete retract of a Boolean algebra defined in [4] .
Let α be a cardinal. Assume that A and X are α-complete Boolean algebras and that X is a subalgebra of A. We denote by X * the α-complete subalgebra of A generated by X. (For a detailed definition of this notion and of the corresponding notion concerning Specker lattice ordered groups cf. Section 5 below.) The Boolean algebra X is called α-complete retract of A if there exists an α-complete homomorphic mapping of X * onto X which leaves X elementwise fixed.
The definition of α-complete retract of a Specker lattice ordered group is analogous; for the sake of completeness, we formulate it in detail.
Let A and X be α-complete Specker lattice ordered groups such that X is a Specker -subgroup of A. Let X * be the α-complete -subgroup of A which is generated by X. Suppose that there exists and α-complete homomorphism of X * onto X which leaves X elementwise fixed. Then X is an α-complete retract in A.
We recall that a lattice ordered group A is α-complete if each upper-bounded subset A 1 of A with 0 = card A 1 α has the supremum in A. In such a case, the corresponding dual condition is also valid. An -subgroup X of A is an α-complete -subgroup of A if, whenever X 1 is a subset of X with card X 1 α and the relation sup X 1 = x 1 is valid in A, then x 1 ∈ X. A homomorphic mapping ϕ of a lattice ordered group A into a lattice ordered group B is called α-complete if it satisfies the following condition ( * ) and the corresponding dual condition:
An analogous terminology is applied for Boolean algebras.
Retracts and retract mappings
Let B be a Boolean algebra.
Then the set ϕ(B) is said to be a retract in B.
Let G 1 be a Specker -subgroup of a Specker lattice ordered group G and let ψ be a homomorphism of
In the present section we prove that there exists a one-to-one correspondence between retract mappings of the Specker lattice ordered group G = Z B and retract mappings of the Boolean algebra B. Further, some results of this section will be applied by the investigation of α-complete retracts.
Ä ÑÑ 3.1º Let ψ be a retract mapping on a Specker lattice ordered group
G = Z B .
Then ψ(B(G)) ⊆ B(G).

P r o o f. Let b ∈ B(G). It suffices to deal with the case ψ(b)
be the standard Specker representation of x. Then either there exists i ∈ {1, 2, . . . , n} with a i = 1 or n = 1, a 1 = 1. In the latter case,
Consider the former case. Since b > 0, we must have x > 0, and thus, a i > 1. Without loss of generality, we can suppose that i = 1. The set ψ(G) is a retract in G and hence it is a Specker -subgroup of G.
We arrived at a contradiction. 
B(G).
Now let ϕ be a retract mapping on the Boolean algebra B(G). We define a mapping ϕ 0 : G → G as follows. We set ϕ 0 (0) = 0. If 0 = x ∈ G and if (1) is the standard Specker representation of x, then we put
We need an auxiliary result concerning the representation of elements of G. Let x and (1) be as above; further, let
be a standard Specker representation of an element
If a ∈ Z, b ∈ B(G) and either a = 0 or b = 0, then we put ab = 0.
. . , n + 1}, and similarly
Let i ∈ I and j ∈ J. We put
By a simple calculation (using the fact that the underlying lattice of G is distributive) we obtain
Therefore we have the following result (using a modified notation):
Ä ÑÑ 3.3º Let x and x 1 be elements of G. Then they can be expressed in the 
Thus ϕ 0 is an endomorphism with respect to the operation +.
b) Now, let us deal with an analogous question concerning the operation ∨. Let us apply the notation as above.
We have
We also obtain
Therefore ϕ 0 is an endomorphism with respect to the operation ∨. Further, since the operation ∧ can be calculated by applying the operations ∨ and −, we conclude that ϕ 0 is also an endomorphism with respect to the operation ∧. (G) and a 1 , . . . , a n are mutually distinct, then for all i ∈ I, both b i and b i belong to ϕ 0 (G). Summarizing, we obtain that ϕ 0 is a retract mapping on the Specker lattice ordered group G.
From the definitions of ψ 0 and ϕ 0 we immediately obtain that the relations 
Specker -subgroups
As above, let G = Z B be a Specker lattice ordered group. We denote by S(G) the system of all Specker -subgroups of G.
From the definition of Specker -subgroup we immediately obtain 
Ä ÑÑ 4.1º Let H ∈ S(G). Then H ∩ B(G) is a subalgebra of the Boolean algebra B(G).
Ä ÑÑ 4.2º Let B 1 be a subalgebra of the Boolean algebra B(G). We denote by H 1 the set of all elements x of G such that either x = 0 or x can be expressed in the form
x = a 1 b 1 + · · · + a n b n ,
For a Boolean algebra B let S(B) be the system of all subalgebras of B. For each H ∈ S(G) we put χ(H) = H ∩ B(G). Let the systems S(G) and S(B) be partially ordered by the set-theoretical inclusion. Lemmas 4.1 and 4.2 yield
Ä ÑÑ 4.3º The mapping χ : S(G) → S(B(G)) is a bijection. For H 1 , H 2 ∈ S(G) we have
The following two assertions are easy to verify.
Ä ÑÑ 4.4º Let α be a cardinal and let G be α-complete. Assume that {b i } i∈I ⊆ B(G), I = ∅, card I α, x ∈ G and that the relation
x = i∈I b i is valid in G.
Then x ∈ B(G).
Ä ÑÑ 4.5º Let {b i } i∈I and x be as in Lemma 4.4 with the distinction that now the relation x = i∈I b i is valid in G. Then x ∈ B(G).
From Lemmas 4.4 and 4.5 we conclude:
Ä ÑÑ 4.6º Let α be a cardinal and suppose that G is α-complete. Then
(i) B(G) is an α-complete sublattice of G;
(ii) B(G) is α-complete.
Ä ÑÑ 4.7º Let {b i } i∈B ⊆ B(G), b ∈ B(G) and assume that the relation
i∈I b i = b
is valid in B(G). Then the same relation holds in G.
P r o o f. Let x ∈ G be an upper bound of the set {b i } i∈I . Then x ∧ b is an upper bound of {b i } i∈I , too. Using the convexity of B(G), we obtain b ≤ x.
Ä ÑÑ 4.8º Assume that B(G) is α-complete. Then G is α-complete as well.
P r o o f. It suffices to verify that if {g i } i∈I is an upper bounded subset of G + and card I α, then this set has a supremum in G. Let x ∈ G and suppose that x is an upper bound of such set {g i } i∈I . Consider the standard Specker representation x = a 1 b 1 + · · · + a n b n of x; similarly, consider the standard Specker representations
of elements g i . We have
The greatest element of the Boolean algebra B will be denoted by b 0 . Put a * = max{a 1 , . . . , a n }. Then x a * b 0 , hence
The set of all upper bounds of the system {g i } i∈I coincides with the set of all upper bounds of the system of all elements a ij b ij (under the notation as above).
For each integer k with 0 < k a * we denote by P k the set of all elements a ij b ij such that a ij = k. If P k = ∅, then we put p k = 0 ∈ G. In the case P k = ∅ we set p k = sup P k ; this supremum in G exists, since
(where a ij = k). Namely, for each i ∈ I there exists at most one j with a ij = k and thus card{b ij } α, hence sup{b ij } exists in B(G). In view of Lemma 4.6, sup{b ij } in B(G) is, at the same time, the supremum of the set {b ij } in G. Each element a ij b ij belongs exactly to one set P k . Hence we obtain that the supremum of the system of elements a ij b ij is equal to 
α-complete retracts
Let α be a cardinal and let G, B be as above. In the present section we assume that G is α-complete. According to Section 4, this is equivalent with the assumption that B is α-complete. Recall that the notion of α-complete homomorphism was defined in Section 2. In the present section we will deal with α-complete endomorphisms on Specker lattice ordered groups and on Boolean algebras.
If ϕ : B(G) → B(G) is a retract mapping on B(G), then we define ϕ 0 in the same way as in Section 3. In view of Lemma 3.4, ϕ 0 is a retract mapping on G.
Analogously we proceed when ψ is a retract mapping on G. Then according to Lemma 3.2, ψ 0 is a retract mapping on B(G).
Ä ÑÑ 5.1º Assume that ψ is an α-complete endomorphism on G and that it is, at the same time, a retract mapping on G. Then ψ 0 is an α-complete endomorphism on B(G).
P r o o f. It suffices to apply Lemma 4.6. Now, let us assume that ϕ is an α-complete endomorphism on B(G) and that it is, at the same time, a retract mapping on B(G).
P r o o f. We apply the notation as in the proof of Lemma 4.8 with a slight modification. Namely, let x = a 1 b 1 + · · · + a n b n be as in the mentioned proof and let i ∈ I. Since 0 ≤ g i ≤ x, there exists a representation of g i having the form (2) = 0 whenever j(1) and j(2) are distinct and belong to the set {1, 2, . . . , n}. Thus
Therefore, we have
where i ∈ I and j ∈ {1, 2, . . . , n}.
Let a * be as in the proof of Lemma 4.8. For each integer k with 1 ≤ k ≤ a * we denote by Q k the set of all elements b ij such that a ij = k. Each element b ij belongs to some Q k , and this Q k is uniquely determined. Let P k be as in the proof of Lemma 4.8. If Q k = ∅, then the elements of P k have the form kb ij with b ij ∈ Q k . In this case, we have
we set sup P k = p k . If Q k = ∅, then we set p k = 0. Therefore, in view of (1), we obtain
If k ∈ {1, 2, . . . , a * } and Q k = ∅, then in view of (2), we have
According to the assumption, ϕ is an α-complete endomorphism on B(G) and therefore ϕ
Further, for each i ∈ I, we have
If j(1) and j (2) are distinct elements of the set {1, 2, . . . , n}, then from (2) ) = 0 and hence
where i ∈ I and j ∈ {1, 2, . . . , n}. (5) From (3), (4) and (5) we conclude that the relation
is valid.
The following assertion is easy to verify.
Ä ÑÑ 5.3º
Let ∅ = X = {g i } i∈I be an upper bounded subset of G and i(0) ∈ I.
P r o o f. We choose any i(0) ∈ I. Let X 0 be as in Lemma 5.3. In view of Lemma 5.3, sup X = sup X 0 . Similarly, we set {ϕ 0 (g i ) ∨ ϕ 0 (g i(0) )} i∈I = X 0 . Again, by Lemma 5.3 we have sup X = sup X 0 .
Further, we put
Then we have ϕ 0 (X 01 ) = X 01 .
Moreover, we get
Obviously, X 01 ⊆ G + and card X 01 ≤ α. According to Lemma 5.2 and (6), the relation ϕ 0 (sup X 01 ) = sup X 01 is valid. We obtain Let X be a subalgebra of B. Further, let X * be an α-complete subalgebra of B such that
Ä ÑÑ 5.5º Assume that ϕ is an α-complete endomorphism on B(G) and that it is, at the same time, a retract mapping on B(G). Then ϕ
(ii) if X 1 is a subalgebra of B with X ⊆ X 1 ⊂ X * , then X 1 fails to be α-complete subalgebra of B.
Then X * is said to be α-complete subalgebra of B generated by X.
For Specker lattice ordered groups we apply the following analogous definition. Let Y be a Specker -subgroup of G; further, let Y be an α-complete Specker -subgroup of G such that
Then Y * is said to be the α-complete Specker -subgroup of G generated by Y .
It is obvious that X * is uniquely determined by X; simlarly, Y * is uniquely determined by Y .
Let the mapping χ : S(G) → S(B(G)) be as in Section 4. 
